
dÈI I IÈI EHIIIII.gggty eet
and let G be a finite group

i anor Pt

A Galois cover of Yatesb p.pe fuEIieEp
with normal such that G acts faithfully a

notso badsingffesroughlyspeakingthe singularlocusheggiensionat

and it factors as the quotient map G
and an isomorphism Y

E
We say that I is an abelian

covering of Y if
G is an abelian

groupWe say that it is asmooth Galais cover if is smooth

IMPORTAI The theory of abelian coverings
works more in general on algebraically field
of characteristic that does not divide 161

However we are
going

to work with K G and we

will switch often from the Zariski Topalgy to the
E didean Topology using.IE I1pexGprincple prog spare closed in the E d top is

closed in the Zariski top



We show some simple examples of Galois coverings
without studying them in depth yet
Example Let us consider a complexmanifold

and a finite group G acting on

If the action of Gen is.IE E YEY
9 16

then has a structure of complex manifold
and is a holomorphic top covering
In our language T is a Galois cover

of 9 with group G
This result is called Cartan Theorem and it

may
be proved in any

classical Algebrai Topology
course

Renard In the language ofAlgebraicGeometry we
can say

that in the above case the map

X is IntInfiation
locus of the mapis zero namelythedifferential of does

NOT vanish foreverypaintof X

We can roughly say that Galois coverings
are a natural

generalization oftopological coverings in Algebrai Geometry



In particularGalois coverings allow us to work

with maps similar to topological coverings but which

possibly have non trivial ranifilation locus
Maps of this kind conceal a rich geometry
example the map 4min72 is NOI

a topological
covering

belause of the point 0

but only 41412,4404 is a top covering
Instead I is aGalois covering of Ewith

group G In 22



Eample Double covering
We take P ix il and G 22 22
5 Idx I X

Xo Xo XD

Vx Lxi o then totally on Ux I is

the opposite map
1 Mx EC Ux C

where
a UX.EC

7

The action of G an P'define the doublequotient
Y P 20,211

XO DITE XP

Lese Prove that I is a double quotientof 9
namely that the fibres of it corresponds to

the orbits of the aiton of Gaux

Remark Notice that Y is Not etale in this case
Indeed 1 27 2 0 D so the ranifiation
locus of it is Rain TI 1,03 20,1



Example Bi double cover
twogens off

We take P ix il and 6 22 22 cetera
5 Idx e X ez

EX HEX o Xo IN Xo XD

On Mx sx 04 EX these two maps are respectively

the inverse and opposite maps
e x ̅ on 1

ez
when

UxEC Uxi EC

lei
x ̅ e

The action of G a defines the bi double

quotient Y P z z 1
Xo 1 Xxx xò

Exercise Prove that it is a double quotientof 9
namely that the fibres of it corresponds to

the orbits of the aiton of Gaux



Example 53 cover

5,6 TE 6 56 647

Let us consider G 53 and the action on P

E
I ESE

43 e third root
of unityLoially around Ux 4 0 0 the action is

t ft x ̅ on 7 6 437

Ux E Ux E

e x ̅

The action of Ss on define the 53 g etient
I X Y P Zazil
EXOIXIHEXX



Example Consider X P2 6 2 22 ce era

and e

EXOXHEIH EX XD E Exo 1

Then the quotient map is

Y IP Yo 4,421
Exo Xi Xi Exo

Example Something cango wrong
Clardy sometimes we can quotient by a

group
and obtain something singular so not a Galois

covering by our definition

Indeed let us consider E with variables x y
and G 72 that acts on by

1
X Y AH 21

Then the invariant fuctions by the action of G
on Gtx y are y y and the homomorphism

X Y Z CLX 34

E I
has kernel I 22 4 E so



Z 22 41 y z

and the quotient map is

1 2122 4 y z
1 19 to Y Y

Notice that Z 7 xp is singular atp.to 0,0

This kind of singularity is called of typeAs

2 Preliminare Griffiths Harris Principles ofAlgGean

52.1 Sheave

Def Let be a top space a sheaf 7 am

associates abeliane

to each open set UE a group 7141
called

of
the group of sections over re

to each pair UEV of open sets a hemonorph

Far FNI FCUÈ
called the restriction map such that
1 for any REVEW we have raw favorire
given a section SEI V1 we in denote 612 up

2 For any pair U and GE 7141 TEJIV
such that



Ginny Then
there exists a section psFIUU VI with

PIU 6 PIET
3 If se FINUVI and

61M 6 0

then 6 0

Examples These are the usual examples of sheaves

1 On a Cmanifold M we have the sheaves
C OLP ZP Z Q R and G
shift sheaf sheafof stheauesofecally
IIII p forms closedpforms constant functions

2 On a complex manifold M we also have

0 0 7 ecc

shelfof sheafof sheafof
holomorphic non zero halam holomorphic
fuctions fineftpat guaupp

forms

3 An important sheaf on a complex manifold M is also
the sheaf of meromorphic functions M

F Shibi is a coveringof leMIU 4 Mi Sybil Si hi argyptively primeholomorphicfunctions

fini fin anMinus namelySihs gyhianOM.nu
a



Where Ahi siti13 M'i sia Et pell and Mi Usop
Vetting sit Sih's S'shi an V

Def A map of sheaves FIG of is a collection
of homomorphisms sit for any MEV

7141 Girl
run connotes
FINI GIVI

Def Given a map FIG the kernelsheaf of ai
Kerami Kerlan 7141 Gia

Warning Cokerla 141 9H11AM is not in

general a sheaf but only a pre sheaf
seme ofthe previousproperties 1.2 or3

may fail
Def A section of Coker 211211 is a pair LUI si

with si EGIA set

Si
Minus SIhinge darne 7 Minus

We identify two collections LUI 1 17 14 si

if tpell and Ni Uisp VE 21 oh 1

t.sir styEdvlF1VI



Renard Cokental is the fascification of the
pre sheaf 94171

Def A sequence
FIG 30

is exact if E Ker pl and G Coker α

Warning An exact sequence does NOI imply in generalthat
0 ECU 9 FINI 11GIU o

s exact for any open subset MEX
Fr instance the exponential sequence

0 2 0 0 so

is IT exact in the I sense

It only implies that cui rulesGial is exactand
that given a section se giri then VpaX VE

peu such that sire β FCU



ch
nalgyEech

cohomology is a powerful tool in Alg Geometry it
measures the obstructions in a topological space
More precisely it measures when a collection oflocal data
can be glued reasonably in a global datumof the space

The cohomology group HIX F measures theglobal
sections of the sheaf 7

H X 7 measures the obstruction to glue local
data in a global datum In particolare if

H o
any

reasonable localdata con beghe
to a global datum

H X F ns 2 measures more complicated obstructions

la classical example is Mittag Leffler problem
With respect to the other kind of caomology
theories tech

cohomology is easier computable as
we can choose a suitable open cover to work
with
Furthermore when the space is gead enoughthen Each

cohomology is isomorphic to the usual
other cohomology theories such as singular cohomology



andag

This permits to use Tech cohom for concrete
calalus and then translates that computation to
more abstracts cohomology theories to deduce

global geometric properties

Def Let be a sheaf on and
U Mah be ileIEete per cover of

intersectsaly afiniteumber of Mi

21 F IFLUI fili fifFM B

C 11 F LI FIUMI fi ii fi EFM 41

C 11 F IT ipFMion nllip

an element 6 461E FILM p
is called a

pcochae of 7
i i

The cedary operator is

d PCI 7 CP 1,7

where 6 i i p
1 it

ma nu p



Emple 6 C 11,71
oh 9 Ep on Urup

6 E C 11,71
Shapp Epp Gage Ep a Manuprilly

A pesyde is GE TM 7 sit 86 0

Exercise Prove that a p cocycle has to satisfy the
skew symmetric condition

Gio Ip fi iq iq igigta Ip
so forinstance we have 62,3 6,32 an CIU 7 for

a p cocycle

A p
cochain 6 is called cobody if

6 SI for sene TE P 1,7
Prop 52 0 namely denoted by

ZPIK 71 Ker S P Pt

then SCP_ IL 71 E ZII 7

Finally we define HP 1,71 I



Remark Clearly HPIU 71 depends by the
chaise of 1

Que Ian define tech cohomology in an abstract

way using direct limit
However we prefer to give a more practical defini

Def Let I be
a.IE iufeveringoffor the sheaf 7 covering that we will consider areanydi

The p th
Cech

cohomology group
is

HP X F M 11 F
ad Given two acyclic coverings 4 and L then

MIU 71 4111,71
so that the definition above is well posed and
it does not depend by the chaise of the acyclic
covering 2

Emple 1 Let P 7 0 we choose

Ux 4 0704 4 1 2 1 0

due can prove 21 44 Yx is an asydi covering
for the sheaf 0 so

MPLP 0 H 11 0



We define by U on Uxo and v aux

21 Ok 4 If g ft Oluxol geoMxi
In general we an write

f annhanux g È button Ux
Thus a cocycle fig needs to satisfy

Sif g g f o an UxonMx

nu
where rut

which is zero 2 b
O so f g

a

HIP 01 Cas we expected
Let us consider

C 11,01 he714x.mx Flux.net

Clearly C'LI 01 2 11,01 as we only have
2 open µ

setsof

Instead let us consider an element
he ftp.nux I he Fiona anni
Then we can define f Finn and

g Ente
on Uxo



and obtain
h SIf.gl

2421 01 56 21,01 H IP 01 0

Thus MPLIP 01 44
if po

0 if pas

2 Let P 7 21 we still have
2 44 0 Ux

is acyclic for r so

HPLP 1 HPA R Vpso
In this case

21 E Fda gdo feoluxol geoMx

Then SCfdu.gov golv faluoI fgu
2

fldudvMd1onUxonUx

so that if 7 anu g È buu then

sue run where sul
Thus Slfdu golul o an bu O

2 12 1 HIP l 1 0

Instead consider



C 12,2 hola bellxonMx R 2 54

Clearly E 2,1 C 11,2 let us find
5011,111

Given 817dm galvi frizfida we have seen above

a E
se an element in 8674 l 1 is characterized to
have f 1 0 We have obtained

5014 e L halu gr 0

This means that if we casider the linear map
241 E

themap is surjective as

holy se 1 anzi mapsto

then the kernel is 81º 11,1 and so

M'CIPINEETIE ed

We have obtained

HIP c P

Exercise Prove that if p genHPLIP 19 o otherwise



When I is a sheaf of vector spaceRaffle HP Y F is a vector space There
is no reason why it should be a finite
dimensional vector space
For instance H 4 0 is a infinite dimens
ver Space

Thuy Grothendieck's VanishingThin
Let be a pregiate viety Ietf be
a sheaf of ab groups Then

HP 7 0 ps dm X

Thane Cautan Serve Finitess Thun
Let be a projective variety and I be a
ageadsheaf all of our sheaveswilfggerent all HP X Y
Fffdiensionale
veitorspaies.DEGiven a projective variety and a coherent

sheaf 7 then Thilx71 d'm Mi 71
di Xl

117 nihil 7

is called the Euler Characteristic of the
sheaf



Ren Clearly we can use the same def just when
Mi 71 are f g ab groups and the above

sumand is finite In that case hi Y FI rk Mi 71
ConsequenceofUniversalCoefficientThun

Example 7 2 is equal to thetop Euler chariteristic ex

Def 7 0 is called the Euler characteristic of the
structure sheaf 0

Def The geometric genus of
a projective variety

is

pglxlehlx.SI
where n dimix

Def The irregularity 91 1 of is

91 1 HlxOx EL R

Thus we actually attach to any projective variety
three invariants that are actually birational invariants

719 1 91 1 pglxl

the topological invariant e



e
g o bean exact

equence Then we have natural maps
CPM E ECPIU.FI P 1,7 e PA G

CH'II EI P42,7
PIL 71 criptigi

So this induces maps in cohomology
M a M X E HP 171
HP β MPIX.FI MPIX G

It also naturally arises the so called Idrymap
HP X G HP X E

Theory The sequence
0 311 E N F MIX G
SHIXIEI HYI

smiyg.III.IM

a
mE

is exact


